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:Terminology

+A graph is a set of points called vertices that ar
: called edges.

e connected by lines

= *A weighted graph is a graph that has an arbitrary
Eedge, The cost can represent anything from distanc
: resources needed to travel an edge.

cost assigned to each
e to the amount of

E-Graphs can be either directed or undirected. Dire
& digraphs, have arrows as edges to specify the direc
Eundirecled graphs have lines as edges to represent

cted graphs, or
tion of motion;
two ways of motion.

*A journey is a designated starting vertex, the sou
& the sink.

rce, and ending vertex,

= +A path is a list of vertices that describes a way
= asink.

to get from a source to

EExampIe: An undirected, weighted graph with the sh
« for a journey with source 0 and sink 8. Shortest P
= Total Cost: 12.

ortest path (in blue)
ath:0- 1- 4- 8.

?ﬁ’roblem: H

EWe inspected the possibility of whether there exist

= produce the shared shortest path for an arbitrary n
& non-negative weighted graph. If two or more journe
= common, as described by their path, then they will
Eedge. To share the cost means to divide the cost b
1 are traveling on that edge. A journey has incentiv

= journeys if its path can be shortened by making thi

& Therefore, to find the shared shortest path, every

= group of journeys that are currently sharing must
Ecan possibly be with no incentive to relocate.

s an algorithm to

umber of journeys in any
ys have an edge in
share the cost of that

y the number of journeys
e to share with other

s decision to share.
single journey or every
be the “happiest” they

:Equilibrium:

Equilibrium is the situation described above when e
= every group of journeys will not have incentive to

+ property of a graph that we must prevent in order t

E path algorithm. However, there are cases in which

very single journey or
move. Thisis the

o find a shared shortest
no equilibrium prevails.

For example:

Sharing Edge (0, 1)
Costs:

Joa: 4
Jos:3
Jos: 5
Sharing Edge (0, 2)
Costs:
Joa:3
1 3:5
Jog: 4
Sharing Edge (0, 3)
Costs:
Joa:5
Jos 4
Jos: 3

:NP-Complett

EFinding an algorithm to produce the shared shortest
:to be NP-Complete. This means that there is no kno
& polynomial time. In the shared shortest path algor

= problem was such that as the number of journeys inc
Ealgori(hm became exponential. Therefore, we examin
1 a heuristic that closely approximates the shared sh

= equilibrium configurations in graphs, and runs in

path with equilibrium is known
wn way to solve the problem in
ithms that we created the
reased, the time to perform the
ed the possibility of creating
ortest path or finds non-
olynomial time.

The Approximate Shared Shortest Path Heuristic:
Step 1:

Using Dijkstra’s Method,
find the unshared
shortest path from each
journey's source to sink.
If any paths are
overlapping, compute the
cost accordingly since
they will now be sharing
those overlapped edges.

*Now delete the edge that
has the largest coalition
of journeys on it (2-7).

*The coalition consists
of the journeys that are
sharing the edge that is
currently deleted.

+Leave the non-coalition
members untouched during
this deletion. A

coalition member can
share with a non-

coalition member if it is
beneficial

+Now repeat step one and
find the new unshared
shortest path of the
coalition members only.

«If they overlap, compute
the costs accordingly.

«If the new costs of at
least one of the coalition
members is shorter, then
update from the previous
graph to this new graph,
and keep the total costs
for every journey.

*Now repeat step 2 by
deleting the edge that is
most shared (2-6), and
replace the edge that was
deleted before.

+Find the new paths of the
coalition members, given
that they can share with a
non-coalition member.

«If at least one member of
the coalition gets

shorter, update the graph
and keep the costs.

+Repeat these steps until
every desired edge is
deleted.

euristics:
By running different variations of our program, we
hared shortest path problem.
*We changed the number of times to check each edge i
have missed earlier in the process.
+Allowing the graph to be updated and the costs to b
coalition gets shorter rather than one member getti
be tweaked so that the majority of the non-coalitio
*We altered the required number of coalition members
this parameter was set to zero, then every edge wou
+After every deletion, we can find the new paths of
knowing the position of the non-coalition members.
new path given the coalition members' new paths.
By analyzing the graph every time there is an updat
dvantageous shared shortest path.
*The minimum sum of all journeys’ costs was considere
«The ratio of cost-lost to cost-saved gave us a way
created the most savings compared to the graph befo

found an approximate solution to the
n order to find an edge that we may

e saved only if the majority of the
ng shorter. This parameter can also
nmembers’ costs get shorter.

before the edge was deleted. If
Id be checked and deleted.

the coalition members without them
Then, find the non-coalition members

e in costs, we can find the most
d an acceptable solution.

to determine which edge deletion
re the deletion.

esults:
+Using the parameter that allows us to change the n
coalition before deletion, we found that, on averag
journeys that saved at least 5% of costs. Also, 60%
that saved at least 20% of their costs.

«In the heuristic, those 90% of graphs whose costs
of their starting Dijkstra's shared cost. Also, 75%
save at least 15% of this starting cost.

umber of required members in the
e, 90% of these updated graphs had
of all updated graphs had journeys

improve, on average, save at least 8%
of graphs will have journeys that

&

ther Interesting Result:

'We noticed that if a group of journeys are sharing and then
plit into two separate groups, then the two groups will never
eet up again.
«Explanation: For the statement to be true, part o rall of
group x will leave the group x and will meet back with grou pt-
x. Therefore, the entire group t  will part ways at vertex 0,

group x will travel to vertex
meet up at vertex 2 with group

1 while a group y will leave and
t-x. (picture at right)

sLet the weights be a, b, and c as pictured on the graph. The
smaller arrows show which groups are traveling alon g the
indicated edges.

+Since we are assuming the statement is true, we ha ve
S C A
X t t-x+y
for the group t-x. This inequality must hold for the t-x group
to want to travel along the a weighted edge. Also, for the
case of the group x and group y,we have
b c a
<<
X y t-x+y
If we solve for a in both equations, we get
t—x+y)+c(t by+cx
a<(t—x| XEXENFCO | oy y DT
tt—-x+y)
Clearing denominators and subtracting to one side y ields

0< ()t - N)[o(t - x+y) +ct)] ~t(t - x+ y)?[oy + ox].
+Now substituting any value between 0 and t infor x and
likewise for y, with y < X, leads to a contradiction since we
are only dealing with positive weights.

onclusions and Future Work:
s of now, we have a heuristic that runs in O(V
ath given any graph with any amount of designated
se more accurate heuristics to create better appro
n the program on a sample of graphs to gain stati

2E2J) time that can produce a shared shortest
journeys. We would like to be able to
ximations. To do this we will have to
stics of how well the heuristics
variations to the algorithm can only help
ain more knowledge into finding non-
we could avoid non-equilibrium
mit no equilibrium.

pproximate the true solution. Creating different
et closer approximations. We would also like to g
quilibrium configurations. With this information,
tuations or describe more types of graphs that ad
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